Introduction
Several physical phenomena are effectivelly two dimensional, for example Bloch electrons [1] , superconductivity [2] [3] [4] and the Hall effect [5] [6] [7] , to name a few. Describing electromagnetism at variational level in 2 + 1-dimensions lead us to the respective Maxwell action which reads S Maxwell = dx 3 F µν F µν ,
with the electromagnetic field definitions
such that in relation to 3 + 1-dimensional electromagnetism, only the planar electric field components and the transverse magnetic field component are present. For most models and theories involving electro-magnetic fields in planar or embedded systems these are enough to describe the physics in question. Also for some application where boundary effects are relevant topological effects are considered through the inclusion of a topological Chern-Simons term S CS = m dx 3 ǫ µνλ A µ F νλ .
This term is of lower order than the Maxwell term (it has only one derivative in the fields) and in some applications its dominant in relation to the Maxwell term. It changes the quantum structure of the theory and gives a topological mass m to the gauge field A [8] .
However it is, generaly non-renormalizable [9, 10] and explicitly breaks parity P and timeinversion T symmetries. From a theoretical point of view it is often justified as a quantum correction [9, 10] to the Maxwell action (1) . From a more phenomenological perspective it has been used, for example, as an effective description of the fractional hall effect [5, 6] through a collective gauge field. Also it describes theories and models that exhibit boundary conformal symmetry (see for example [11] ).
However an important question remains, can we have a description of 2 + 1-dimensional electromagnetism containing the full vectorial electric and magnetic fields as we do in 3 + 1-dimensional electromagnetism? A possible approach to answer this question is to consider a dimensional reduction of standard electromagnetism such that the gauge field component orthogonal to the 2 + 1-dimensional system is described effectively by a scalar field [12] . Depending in the boundary conditions and symmetries of the embedding in the 3 + 1-dimensional system, this scalar field may be null, this is the case for example for Neumann boundary conditions. In what follows we will give another possible answer to this question by considering a dimensional reduction of electromagnetism with two gauge fields that accommodate the six components of the physical fields independently of the boundary conditions and embedding. Also we will obtain directly from the higher dimensional theory a boundary cross Chern-Simons term [13, 14] that accounts for topological boundary effects and simultaneously preserves P and T symmetries.
We consider as starting point the 3 + 1-dimensional action for U e (1)
where L 4 is the Lagrangian density and the gauge connections are F IJ = ∂ I A J − ∂ J A I and G IJ = ∂ I C J − ∂ J C I with the space-time indexes I =⊥, µ such that ⊥ stands for the spatial direction orthogonal to the planar system and µ = 0, 1, 2 correspond to the 2 + 1-dimensional space-time indexes. Also in relation to the reference [16] , for the sake of simplicity, we are considering only the relative Hopf term sign +1 (set by the constant ǫ in the original reference). The results for the choice −1 follow in the same manner by appropriately changing the signs in the derivation presented in this work.
Dimensional Reduction
Here we address a possible dimensional reduction scheme for action (4) . We consider a system of a certain thickness δ ⊥ with two boundaries Σ 1 and Σ 2 as represented in figure 1.
We take a decomposition of the Maxwell and current terms in the action (4) into the 2 + 1- dimensional components µ and the orthogonal direction x ⊥ and integrate by parts the Hopf term containing derivatives along x ⊥ such that we obtain
in deriving these expressions we have taking in consideration the regularity of the each of the gauge fields, such that the constants r A = 0, 1 and r C = 0, 1 are set accordingly to:
We are further expanding the Maxwell terms containing orthogonal components obtaining
and taking the following assumptions:
1. The fields are localized in the range
and are slowly varying over the orthogonal direction such that the integral over x ⊥ can be performed in the above range.
2. Transverse gauge transformations are fixed such that
3. The orthogonal derivatives of the fields constituted boundary conditions of the system such that their effects are manifested at the level of the action through the external currents
4. The field components A ⊥ and C ⊥ are, in the 2 + 1-dimensional system, not charged under any of the U(1)'s and are identified as scalar fields
5. We are taking in account the boundary terms due to the integration by parts of the Hopf term (here we are referring to the last terms in equation (5)). In order to do so we identify Σ(x ⊥ = 0) ∼ = Σ 1 ∼ = Σ 2 and considering the boundary action [14]
where the value of k = +1, 0, −1 depends on the specifications of the system, in particular of the embedding and symmetries of the 2 + 1-dimensional system in relation to the 3 + 1-dimensional system (for further details we refer the reader to the reference [14] ).
We can now perform the integration over the orthogonal coordinate
We have perform an integration by parts in writing the current terms for J µ A and J µ C corresponding to the last term of equation (5) and discarded the square terms in the currents J µ A J A µ and J µ C J C µ which are relevant only as a contribution to the vacuum energy. The terms containing the 2 + 1-dimensional levi-civita symbol swap sign due to the relation
We further note that our 2 + 1-dimensional action is, as it stands, gauge invariant as long as φ and ϕ are not charged under any of the gauge groups U(1)'s. This is due to the gauge being fixed along the orthogonal direction (∂ ⊥ Λ = 0). The coupling between the scalar fields φ and ϕ and the gauge fields A and C is done only through the currents J A and J C . Extensions of this construction can be implemented such that the scalar fields are charged under the gauge groups, in such case it is necessary to consider gauge covariant derivatives such that the action remains gauge invariant [17, 18] . We do not develop this topic here. We also remark that the middle terms in equation (7) could be integrated by parts, however this would hold boundary terms that are not gauge invariant.
Field Definitions, Canonical Momenta and Boundary Conditions
From the definitions of electric and magnetic field in the 3 + 1-dimensional system (see for example [16, 19, 20] ) we obtain the physical electric and magnetic fields definitions in the planar system:
Concerning the canonical momenta for our action we obtain six independent ones
We note that the relations between the canonical conjugate momenta to A i and C i (15) and the electric and magnetic fields (14) hold a new correction due to the Chern-Simons boundary contribution in relation to the 3 + 1-dimensional relations obtained in [16] . Here we are refering to the last terms in the definitions of π i A and π i C in (15)). This is a common feature of Chern-Simons theories.
So far we have not imposed any particular boundary condition in our construction. For the standard Neumann and Dirichlet boundary conditions with respect to the orthogonal direction x ⊥ we obtain that Neumann :
For Neumann boundary conditions, generally we have k = 0, while for Dirichlet boundary conditions we always have k = 0. This is shown by noting that the integrations by parts in the action decomposition (5) are null for ∂ ⊥ A µ = 0. We note that Neumann boundary conditions correspond (or at least is compatible) with an orbifold under the symmetry Z 2 which corresponds to gauging parity along the orthogonal direction, i.e.
Many physical systems exhibit such symmetry concerning the internal fields (meaning the fields that are not imposed externally), however generally any boundary conditions, or combination of boundary conditions, can be considered (see for example [21] for a detailed discussion in boundary conditions). As for Lorentz invariance is, as expected, reduced down to the 2 + 1-dimensions Lorentz invariance. We also note that the factor of 1/2 can also be justified by this kind of orbifolds (see for example [22] ).
We note that even for Neumann boundary conditions (ϕ = φ = 0), regular fields (r A = r C = 0) and constant orthogonal fields (J A = J C = 0), we have now available the six components of the fields as we do in the original 3 + 1-dimensional system
This is a novel feature of our construction which is certantly useful in the description of planar systems where longitudinal magnetic fields and orthogonal electric fields are present.
Conclusions
We derived a dimensional reduced action for U e (1) × U g (1) electromagnetism containing a vector gauge field (photon) and a pseudo-vector gauge field (pseudo-photon). We obtain a 2 + 1-dimensional action that is P and T invariant and accounts for the full six vectorial components of the electric and magnetic field.
We give an example of application of our construction to the fractional hall effect in [23] , for which case both the boundary term and the Maxwell term for the pseudo-photon are relevant. Other applications where both boundary and Maxwell terms are relevant is, for example, topological superconductity [24] .
There is an important issue concerning the construction presented here that seems not to be solved. It has been demonstrated that the usual Maxwell Chern-Simons theory with one only gauge field, besides not preserving P and T , is non-renormalizable [9, 10] . Does this result hold for a vector and a pseudo-vector gauge fields described by an action containing two Maxwell terms of opposite sign and a single cross Chern-Simons? In principle it may be expected that it is the case, however, as far as the author is aware, such study has not been carried out so far.
